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A CLASSIFICATION OF EQUIVARIANT PRINCIPAL BUNDLES
OVER NONSINGULAR TORIC VARIETIES
INDRANIL BISWAS, ARIJIT DEY, AND MAINAK PODDAR
Abstract. We classify holomorphic as well as algebraic torus equivariant prin-
cipal G-bundles over a nonsingular toric variety X , where G is a complex linear
algebraic group. It is shown that any such bundle over an affine, nonsingular toric
variety admits a trivialization in equivariant sense. We also obtain some splitting
results.
1. Introduction
Denote the algebraic torus (C∗)n by T . Let N denote the group of 1-parameter
subgroups of T ; so N is isomorphic to Zn. Let M denote the group of characters of
T . Then M = HomZ(N,Z) by restricting a character to the 1-parameter subgroups
(the endomorphisms of C∗ is Z).
Let X be a complex manifold (resp. smooth complex algebraic variety) equipped
with a holomorphic (resp. algebraic) left-action of T , and let G be a complex linear
algebraic group. A T -equivariant holomorphic (resp. algebraic) principal G-bundle
on X is a holomorphic (resp. algebraic) principal G-bundle π : E → X with T acting
holomorphically (resp. algebraically) on E , such that π is T -equivariant and
t(z · g) = (tz) · g ∀ t ∈ T, g ∈ G, z ∈ E
(this means that the actions of T and G on E commute).
Now consider X = XΞ to be a nonsingular complex toric variety of dimension n
corresponding to a fan Ξ. Our main goal is to give a description of isomorphism
classes of holomorphic (resp. algebraic) T -equivariant principal G-bundles over X ;
this is carried out in Theorem 3.2. This description is in terms of equivalence classes
of data {ρσ , P (τ, σ)}, where σ runs over maximal cones of Ξ, while ρσ : T → G
is a holomorphic (equivalently algebraic) group homomorphism and P (τ, σ) is a G-
valued 1-cocycle. This data {ρσ, P (τ, σ)} is required to satisfy certain conditions.
In particular, the data depends on choice of projections πσ : T → Tσ (see section 2).
Here Tσ denotes the stabilizer of the orbit corresponding to the cone σ. However, if
every maximal cone is of top dimension (such as for a complete toric variety), then
such a choice of projections is not necessary.
Note that the description of isomorphism classes is the same in both the algebraic
and holomorphic cases. We prove that every isomorphism class of holomorphic
bundles contains an algebraic representative; see Remark 3.3.
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As an application of the above description, we prove that if G is nilpotent then
the principal G-bundle admits an equivariant reduction of structure group to a torus
(meaning the bundle is split). For G abelian, this splitting result appeared in [1].
In section 4, we give a more combinatorial description of the isomorphism classes
of T -equivariant principal G-bundles in terms of characters of T and G-valued 1-
cocycles; see Theorems 4.5 and 4.6. These generalize Kaneyama’s description [7] of
the isomorphism classes of T -equivariant vector bundles over complete nonsingular
toric varieties in two directions. Firstly, the assumption of completeness on the base
is removed. Secondly, the bundles are generalized from vector to principal bundles.
If G has a normal maximal torus, then a T -equivariant principal G-bundle over X
has an equivariant reduction of structure group to the maximal torus; see Lemma
4.3. Our treatment also makes clearer the approach of Kaneyama. This helps us
unearth a gap in the proof of the splitting of small rank equivariant vector bundles
over projective space in [8]; see Remark 4.7.
In Lemma 2.11 we show that the automorphism group of a T -equivariant holo-
morphic (or algebraic) principal G-bundle over a toric variety is a subgroup of G
that contains the center of G.
A crucial tool used by us is the following equivariant Oka principle due to Heinzner
and Kutzschebauch [5]. The algebraic analogue of this is derived in the toric case in
Lemma 2.7.
Theorem 1.1. [5] Suppose K is any complex reductive group acting linearly on Ck.
Then any K-equivariant holomorphic principal G-bundle E over Ck is equivariantly
isomorphic to Ck × E(0) where the latter has diagonal K-action.
Some of the basic lemmas regarding local action functions in section 2 have ap-
peared before in [1]. We include them here for the convenience of the reader.
In the topological case, the classification of (S1)n-equivariant principal G-bundles
over a toric manifold, where G is a compact Lie group, is contained in the results
of Hambleton and Hausmann [3]. The classification of (C∗)n-equivariant topological
principal bundles over a toric manifold appears to be an interesting open problem.
2. Distinguished sections
Denote by Ξ(d) the set of all d-dimensional cones in Ξ. For a cone σ in Ξ, denote
the corresponding affine variety and T -orbit by Xσ and Oσ respectively. Let Tσ
denote the stabilizer of any point in Oσ; it is independent of the point because T
is abelian. We recall that each Oσ may be given a group structure using a specific
identification with T/Tσ, see [2, p. 53] or [10, Proposition 1.6]. The principal orbit
O may be identified with T .
For each σ, fix once and for all, an embedding ισ : Oσ →֒ T that splits the exact
sequence
1→ Tσ → T → Oσ → 1 .
As we are in the nonsingular case, such an embedding may be obtained by extending
a set of independent, primitive generators of σ to a basis of the lattice N . A splitting,
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as above, induces a direct product decomposition T = Tσ×ισ(Oσ). Let πσ : T → Tσ
be the projection associated to this decomposition of T .
Fix any σ ∈ Ξ. Let X = Xσ. There exists an affine toric variety Aσ with the
dense orbit isomorphic to Tσ, such that X is T -equivariantly isomorphic to Aσ×Oσ.
Under this isomorphism, the orbit Oσ in X is identified with {p} × Oσ, where p is
the Tσ-fixed point of Aσ. Moreover, there exist isomorphisms aσ : Tσ → (C
∗)dim(σ)
and φσ : Aσ → C
dim(σ), satisfying
φσ(tx) = aσ(t)φσ(x)
for all x ∈ Aσ and t ∈ Tσ.
Let G denote a complex linear algebraic group. Suppose E is a T -equivariant holo-
morphic (resp. algebraic) principal G-bundle over X which admits a holomorphic
(resp. algebraic) trivialization. Let s : X → E be any holomorphic (resp. algebraic)
section. We encode the T -action on E as follows:
Definition 2.1. For any x ∈ X and t ∈ T , define ρs(x, t) ∈ G by
ts(x) = s(tx) · ρs(x, t) .
Since the action of G on each fiber of E is free and transitive, it follows that ρs(x, t)
is well-defined and it is holomorphic (resp. algebraic) in both x and t. We say that
ρs : X × T → G is the local action function associated to s.
If s′(x) = s(x) · g(x) is another holomorphic (resp. algebraic) section of E , then
it is straight-forward to check that
ρs′(x, t) = g(tx)
−1ρs(x, t)g(x) . (2.1)
Lemma 2.2. For any t1 , t2 ∈ T , the equality
ρs(x, t1t2) = ρs(t2x, t1)ρs(x, t2)
holds.
Proof. By the definition of ρs, we have t1t2s(x) = s(t1t2x) · ρs(x, t1t2). On the other
hand,
t1t2s(x) = t1(s(t2x) · ρs(x, t2)) = (t1s(t2x)) · ρs(x, t2) = s(t1t2x) · ρs(t2x, t1)ρs(x, t2) .
The lemma follows from these. 
Suppose δ is any subcone of σ. Then Lemma 2.2 implies that for any xδ ∈ Oδ,
the restriction
ρs(xδ, ·) : Tδ → G
is a group homomorphism, where Tδ as before is the stabilizer.
Lemma 2.3. If ρs(x, ·) is independent of x, then it defines a group homomorphism
ρs : T → G .
Conversely if ρs(x0, ·) is a group homomorphism for some x0 ∈ O, then ρs(x, ·) is
independent of x.
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Proof. The first part follows immediately from Lemma 2.2.
To prove the second part, assume that ρs(x0, ·) is a group homomorphism for some
x0 ∈ O. We have
ρs(x0, t)ρs(x0, u) = ρs(x0, tu) = ρs(ux0, t)ρs(x0, u)
for all u , t ∈ T . Therefore, for any u ∈ T , we have
ρs(ux0, ·) = ρs(x0, ·).
Then, since ρs is continuous, the second part of the lemma follows from the denseness
of O in X . 
Lemma 2.4. Let X1 and X2 be affine toric varieties. Let α : X1 → X2 be an
isomorphism of T -spaces up to an automorphism a : T → T , meaning α◦t = a(t)◦α.
Suppose πi : Ei → Xi is a T -equivariant trivial principal G-bundle for i = 1, 2. Let
φ : E1 → E2 be an isomorphism of T -equivariant principal G-bundles over X, which
is compatible with α and a:
π2 ◦ φ = α ◦ π1 and φ ◦ t = a(t) ◦ φ.
Let s1 be any section of E1. Let s2 be the section of E2 defined by s2(α(x)) = φ(s1(x))
for any x ∈ X1. Then ρs1(x, t) = ρs2(α(x), a(t)) for every x ∈ X1, t ∈ T . In
particular, if α and a are both identity, then ρs1 = ρs2.
Proof. This follows from the following calculation:
s2(a(t)α(x)) · ρs2(α(x), a(t))
= a(t)s2(α(x)) = a(t)φ(s1(x))
= φ(ts1(x)) = φ(s1(tx) · ρs1(x, t))
= φ(s1(tx)) · ρs1(x, t) = s2(α(tx)) · ρs1(x, t)
= s2(a(t)α(x)) · ρs1(x, t).

Definition 2.5. We say that a section s of E is distinguished if
• ρs(x, ·) is independent of x, and
• ρs(x, ·) factors through the projection πσ : T → Tσ.
Lemma 2.6. If s is a distinguished section, then so is s · g for every g ∈ G.
Proof. The assertion follows from the fact that the actions of T and G commute.
Note that ρs·g(x, t) = g
−1ρs(x, t)g by (2.1). 
Lemma 2.7. Consider any linear action of the torus K = (C∗)k on Ck. Suppose E
is a K-equivariant algebraic principal G-bundle over Ck. Then E is K-equivariantly
isomorphic to Ck × E(0), where the latter has diagonal K-action.
Proof. In particular, E is a K-equivariant holomorphic principal G bundle. There-
fore, by Theorem 1.1 E admits aK-equivariant holomorphic trivialization, Ck×E(0).
Let s be a holomorphic section of E , which corresponds to a constant section of the
EQUIVARIANT PRINCIPAL BUNDLES OVER SMOOTH TORIC VARIETIES 5
trivialization Ck × E(0). Let ρs : T → G be the local action homomorphism corre-
sponding to s. Let x0 be any point in (C
∗)k. Then
s(tx0) = ts(x0) · ρs(t)
−1 .
Since the homomorphism ρs and the T -action are algebraic, the holomorphic section
s is algebraic over (C∗)k. This implies that s is in fact algebraic over Ck. Thus E
admits an algebraic K-equivariant trivialization. 
Lemma 2.8. Let E be a T -equivariant holomorphic (resp. algebraic) principal G-
bundle on a nonsingular affine toric variety Xσ. Then E is trivial and it admits a
distinguished section.
Proof. Recall that Xσ = Aσ × Oσ, where Aσ is isomorphic to C
dimσ and Tσ acts
linearly on Aσ. Then by Theorem 1.1 (resp. Lemma 2.7), the restriction E|Aσ is
Tσ-equivariantly isomorphic to Aσ ×E(p), where p is the Tσ-fixed point of Aσ. Here
the Tσ-action on the product Aσ × E(p) is the natural diagonal action. Take any
e ∈ E(p). Let ρ : Tσ → G be the homomorphism induced by the action of Tσ on
E(p) defined by tz = z · ρ(t).
Let s be the section of E|Aσ corresponding to the constant section e of Aσ ×E(p).
Then ρs = ρ by the definition of s.
Let y0 be the identity element in Oσ. We may identify Aσ with Aσ × {y0}. Now
extend s to a section of E over Xσ by setting
s(x, ky0) = ισ(k)s(x, y0) (2.2)
for every x ∈ Aσ and k ∈ Oσ. This shows that E is trivial over Xσ.
The local action function of the section s over Aσ × {y0} satisfies
ρs((x, y0), h) = ρs((p, y0), h) = ρ(h)
for all h ∈ Tσ. Since
hs(x, ky0) = hισ(k)s(x, y0) = ισ(k)hs(x, y0)
= ισ(k)s(hx, y0) · ρs((x, y0), h) = s(hx, ky0) · ρs((x, y0), h),
we deduce that
ρs((x, ky0), h) = ρs((x, y0), h) (2.3)
for every k ∈ Oσ and every h ∈ Tσ.
It follows easily from (2.2) that ισ(k)s(x, y) = s(x, ky) for any y ∈ Oσ. Then,
using (2.3), we have
hισ(k)s(x, y) = hs(x, ky) = s(hx, ky) · ρs((x, ky), h)
= s(hx, ky) · ρs((x, y0), h) = s(hx, ky) · ρs((p, y0), h)
for every (h, ισ(k)) ∈ T and (x, y) ∈ Aσ × Oσ = Xσ. Therefore,
ρs((x, y), hισ(k)) = ρs((p, y0), h) = ρ(h) ,
and the lemma follows. 
Lemma 2.9. Let σ be a cone. Then the homomorphisms ρs : T → G, induced by
different distinguished sections s of E|Xσ , are equal up to conjugation by elements of
G.
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Proof. Take a distinguished section s. Let xσ = (p, y0) be the fixed point of Tσ in
Xσ corresponding to the identity element of Oσ. Then for any x ∈ Xσ, ρs(x, t) =
ρs(xσ, t). Note that
ρs(x, t) = ρs(xσ, t) = ρs(xσ, πσ(t)) ,
since s is a distinguished section. Moreover,
πσ(t)s(xσ) = s(xσ) · ρs(xσ, πσ(t)) .
Therefore, ρs is completely determined by s(xσ) and the canonical Tσ action on
E(xσ). If s
′ is another distinguished section, then there exists g ∈ G such that
s′(xσ) = s(xσ) · g. Then ρs′ = g
−1ρsg follows by applying equation (2.1) with
x = xσ , t ∈ Tσ, and g(xσ) = g. Note that by Lemma 2.6 all elements of G appear
this way for distinguished sections. 
Definition 2.10. For notational convenience, denote by ρσ a homomorphism from T
to G induced by a distinguished section of E|Xσ . By Lemma 2.9, the homomorphism
ρσ is unique up to conjugation by elements of G.
Lemma 2.11. Let E be a T -equivariant holomorphic (resp. algebraic) principal G-
bundle over a nonsingular toric variety X (not necessarily affine). Let Aut
T
(E) be
the group of T -equivariant automorphisms of E that project to the identity map on
X. Then Aut
T
(E) is a subgroup of G that contains the center Z(G) of G.
Proof. Fix a point x0 ∈ O ⊂ X and also an element e ∈ E(x0). Consider the map
α : Aut
T
(E) → G
uniquely determined by the equation Φ(e) = e · α(Φ). Note that given any Φ ∈
Aut
T
(E), by its T -equivariance and continuity, Φ is determined by the restriction
Φ|E(x0), while Φ|E(x0) in turn is determined by Φ(e) using G-equivariance. Therefore
the above map α is injective. For Φ1 ∈ AutT (E), we have
Φ2 ◦ Φ1(e) = Φ2(e · α(Φ1)) = Φ2(e) · α(Φ1) = e · α(Φ2)α(Φ1) .
This proves that α is a group homomorphism.
Now take any g ∈ Z(G). Choose a distinguished section s of Eσ such that
s(x0) = e. Define Φ(e) = e · g. Then Φ determines an automorphism of E|O using
T and G equivariance as follows: Φ(te · h) = te · gh. We need to check that Φ
extends to the boundary strata of X , which consist of lower dimensional T -orbits.
Note that
Φ(te) = Φ(ts(x0)) = ts(x0) · g = s(tx0) · ρs(t)g .
On the other hand,
Φ(te) = Φ(ts(x0)) = Φ(s(tx0) · ρs(t)) = Φ(s(tx0)) · ρs(t) .
Therefore,
Φ(s(tx0)) = s(tx0) · ρs(t)gρs(t)
−1 = s(tx0) · g
as g ∈ Z(G). Any point x in a boundary stratum can be considered as a limit
lim
z→0
λ(z)x0 ,
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where λ(z) is an algebraic curve in T . Now since s and the G-action are holomorphic
(resp. algebraic), Φ(s(x)) = s(x) · g defines an analytic (resp. algebraic) extension
of Φ over X . 
3. Isomorphism classes and admissible collections
Let X be a nonsingular toric variety of dimension n corresponding to a fan Ξ.
Let E be a holomorphic (resp. algebraic) T -equivariant principal G-bundle over X .
Define Eσ := E|Xσ for any cone σ ∈ Ξ.
Let σ be a maximal cone in Ξ, and let sσ be a distinguished section of Eσ. Let
ρσ : T → G be the corresponding homomorphism. The group T acts on Xσ × G
as follows:
t(x, h) = (tx, ρσ(t)h) . (3.1)
Let ψσ : Eσ → Xσ ×G be the trivialization of Eσ defined by
ψσ(sσ(x) · h) = (x, h) . (3.2)
Note that
ψσ(tsσ(x) · h) = ψσ(sσ(tx) · ρσ(t)h) = (tx, ρσ(t)h . (3.3)
Hence by (3.1) and (3.3) we get that ψσ in (3.2) is a T -equivariant trivialization.
Let σ, τ be any two maximal cones. Define φτσ : Xσ ∩Xτ → G as follows:
sσ(x) = sτ (x) · φτσ(x) . (3.4)
The maps φτσ’s are transition functions for E as they satisfy
ψτψ
−1
σ (x, h) = (x, φτσ(x)h) . (3.5)
By the T -equivariance property of E we have
t(ψτψ
−1
σ (x, h)) = ψτψ
−1
σ (t(x, h)) . (3.6)
Using (3.1) and (3.5), from (3.6) it follows that
(tx, ρτ (t)φτσ(x)h) = (tx, φτσ(tx)ρσ(t)h).
Therefore, we have φτσ(tx) = ρτ (t)φτσ(x)ρσ(t)
−1.
Fix a point x0 in the principal orbit O. Denote φτσ(x0) by P (τ, σ). Note that
ρτ (t)P (τ, σ)ρσ(t)
−1 extends to a holomorphic (resp. algebraic) function, namely φτσ,
on Xτ∩σ. Moreover, since φτσ are transition functions, {P (τ, σ)} satisfy the cocycle
condition
P (τ, σ)P (σ, δ)P (δ, τ) = 1G .
Finally, if we change {sσ} to {sσ · gσ}, then {ρσ} transforms to {g
−1
σ ρσgσ}, while
{P (τ, σ)} transforms to {g−1τ P (τ, σ)gσ}.
Definition 3.1. Let Ξ∗ denote the set of maximal cones in Ξ. An admissible collec-
tion {ρσ, P (τ, σ)} consists of a collection of homomorphisms {ρσ : T → G | σ ∈ Ξ
∗}
and a collection of elements {P (τ, σ) ∈ G | τ, σ ∈ Ξ∗} satisfying the following
conditions:
(1) ρσ factors through πσ : T → Tσ.
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(2) For every pair (τ, σ) of maximal cones, ρτP (τ, σ)ρ
−1
σ extends to a G-valued
holomorphic (equivalently regular algebraic) function over Xσ ∩Xτ .
(3) P (σ, σ) = 1G for all σ.
(4) For every triple (τ, σ, δ) of maximal cones having nonempty intersection, the
cocycle condition P (τ, σ)P (σ, δ) P (δ, τ) = 1G holds.
Two such admissible collections {ρσ, P (τ, σ)} and {ρ
′
σ, P
′(τ, σ)} are equivalent if
the following hold:
(i) For every σ there exists gσ ∈ G such that ρ
′
σ = g
−1
σ ρσgσ.
(ii) For every pair (τ, σ), P ′(τ, σ) = g−1τ P (τ, σ)gσ, where gσ and gτ are as in (i)
above.
Theorem 3.2. Let X be a nonsingular toric variety and G a complex linear algebraic
group. Then the isomorphism classes of holomorphic (or algebraic) T -equivariant
principal G-bundles on X are in one-to-one correspondence with equivalence classes
of admissible collections {ρσ, P (τ, σ)}.
Proof. Let E1 and E2 be two T -equivariant principal G-bundles on X which are T -
equivariantly isomorphic. Fix such an isomorphism Φ : E1 → E2. Let {s
1
σ} be a
collection of distinguished sections which associates a class of admissible collections
{ρs1σ , P
1(τ, σ)} to E1. Let s
2
σ = Φ ◦ s
1
σ. Note that ρs1σ(x, t) = ρs2σ(x, t) by Lemma
2.4. Hence the collection {s2σ} is also distinguished. Then by (3.4) and the G-
equivariance property of Φ we get that
s2σ(x0) = Φ(s
1
σ(x0)) = Φ(s
1
τ (x0)) · φτσ(x0) = s
2
τ (x0) · φτσ(x0) .
Consequently, P 2(τ, σ) = P 1(τ, σ). Therefore the admissible collection for E1 (with
respect to {s1σ}) coincides with admissible collection for E2 (with respect to {s
2
σ}).
However, for a different choice of collection of distinguished sections we get an equiv-
alent admissible collection.
Thus we may associate an equivalence class of admissible collections to an iso-
morphism class of equivariant principal bundles. We will denote this assignment by
A.
Conversely given an admissible collection {ρ, P} = {ρσ, P (τ, σ)}, we construct a
principal G-bundle E({ρ, P}) as follows. Let φτσ : Xσ ∩Xτ → G denote the holo-
morphic (equivalently regular algebraic) extension of ρτP (τ, σ)ρ
−1
σ . Note that {φτσ}
satisfies the cocycle condition. Therefore we may construct an algebraic (hence,
holomorphic) principal G-bundle E({ρ, P}) over X with {φτσ} as transition func-
tions :
E({ρ, P}) = (
⊔
σ
Xσ ×G)/ ∼
where (x, g) ∼ (y, h) for (x, g) ∈ Xσ ×G and (y, h) ∈ Xτ ×G if and only if
x = y, x ∈ Xσ ∩Xτ and h = φτσ(x)g . (3.7)
The G-action on each Xσ×G is defined by right multiplication. It is easy to check
that these actions on different charts are compatible.
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Define T action on each Xσ × G by t(x, g) = (tx, ρσ(t)g). Note that if (y, h) ∈
Xτ ×G is equivalent to (x, g) ∈ Xσ ×G, then
t(y, h) = t(x, φτσ(x)g) = (tx, ρτ (t)φτσ(x)g). (3.8)
Now if x belongs to the open orbit O = T ⊂ Xσ ∩Xτ , then
φτσ(tx)ρσ(t) = ρτ (tx)P (τ, σ)ρσ(tx)
−1ρσ(t) = ρτ (t)ρτ (x)P (τ, σ)ρσ(x)
−1 = ρτ (t)φτσ(x).
Since both φτσ(tx)ρσ(t) and ρτ (t)φτσ(x) are continuous in x on Xσ ∩Xτ and O is
dense in Xσ ∩Xτ ,
φτσ(tx)ρσ(t) = ρτ (t)φτσ(x) ∀ x ∈ Xσ ∩Xτ . (3.9)
From (3.8) and (3.9), we have
t(y, h) = (tx, φτσ(tx)ρσ(t)g)
whenever (x, g) ∼ (y, h). Since t(x, g) = (tx, ρσ(t)g), using (3.7) it follows that
t(y, h) ∼ t(x, g) whenever (x, g) ∼ (y, h). In other words, the T -actions on the
Xσ ×G are compatible and define an (algebraic) action of T on E({ρ, P}).
It is easy to check thatA([E({ρ, P})]) = [{ρ, P}]. This shows thatA is surjective.
Now we will show thatA is injective. Given a principal G-bundle E onX , consider
any representative {ρ, P} of A([E ]). We will construct an isomorphism Φ : E →
E({ρ, P}). For this first note that {ρ, P} = {ρσ, P (τ, σ)} is associated to a collection
of distinguished sections {sσ}. Given e ∈ E , suppose e ∈ Eσ. Then there exists a
unique gσe ∈ G such that e = sσ(π(e)) · g
σ
e . Define
Φ(e) = [(π(e), gσe )],
where the right hand side is the equivalence class of (π(e), gσe ) under the relation ∼
defined in (3.7).
Using (3.4) it is easy to check that Φ is well-defined. Since e · h = sσ(π(e)) · g
σ
e h,
we have
Φ(e · h) = [π(e), gσe h] = Φ(e) · h.
Therefore, Φ is a morphism of principal G-bundles. Since every morphism of prin-
cipal G-bundles over a fixed base is an isomorphism, it follows that Φ is an isomor-
phism. Note that
te = tsσ(π(e)) · g
σ
e = sσ(tπ(e)) · ρσ(t)g
σ
e .
Therefore,
Φ(te) = [(tπ(e), ρσ(t)g
σ
e )] = t[φ(e), g
σ
e ] = tΦ(e) .
Hence Φ is T -equivariant. The inverse of Φ is then automatically T -equivariant.
Now suppose E1, E2 are two equivariant principal G-bundle such that A[E1] =
A[E2] = [{ρ, P}]. Then it follows from the above that
E1 ∼= E({ρ, P}) ∼= E2 .
Therefore A is injective. This concludes the proof. 
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Remark 3.3. It follows from the proof of Theorem 3.2 that every isomorphism
class of T -equivariant holomorphic principal G-bundles over X has an algebraic
representative.
The following generalizes a similar result for abelian structure groups in [1].
Corollary 3.4. If G is a nilpotent group, then a T -equivariant holomorphic (or
algebraic) principal G-bundle over a nonsingular toric variety admits an equivariant
reduction of structure group to a maximal torus of G. In particular, if G is unipotent
then the bundle is trivial with trivial T -action.
Proof. If G is nilpotent, then it is a direct product K × U , where K is a maximal
torus in G and U is unipotent. Homomorphisms from T to U are trivial. So the
image of any homomorphism ρ : T → G lies in K.
Recall that if sσ is a distinguished section, so is sσ ·g for any g ∈ G. Using this we
can choose distinguished sections so that P (τ, σ) = 1G for all pairs (τ, σ) of maximal
cones. Then the transitions maps φτσ = ρτρ
−1
σ take values in K. This implies the
principal bundle has a reduction to K.
The claim about unipotent G follows easily from the fact that homomorphisms
from T to G are trivial. 
Example 3.5. Let (n1, . . . , nk) be a partition of r. Let G be the nilpotent subgroup
of GL(r,C) consisting of all block diagonal matrices with k blocks of sizes n1, . . . , nk
respectively, where each block is upper triangular and the diagonal elements within
a block are the same. Assume X is a complete, nonsingular toric variety with fan Ξ.
Then the isomorphism classes of T -equivariant holomorphic (equivalently algebraic)
principal G-bundles onX are parametrized by Zdk, where d is the cardinality of Ξ(1).
This follows form the fact that equivariant line bundles over X are parametrized by
Z
d (see [10]).
4. Kaneyama type description
In this section our main goal is to give a more combinatorial flavor to our clas-
sification. We fix an embedding of G in GL(r,C) such that K0 := (C
∗)r
⋂
G is a
maximal torus of G. Inspired by the work of Kaneyama, we restrict to a smaller
class of distinguished sections.
Definition 4.1. A distinguished section s of Eσ is called a Kaneyama section if the
image of the corresponding homomorphism ρs lies in K0.
Lemma 4.2. Every Eσ has a Kaneyama section.
Proof. Let s be a distinguished section of Eσ. The image of the corresponding ho-
momorphism ρs : T → G is contained in some maximal torus Kσ of G. Since all
maximal tori in G are conjugate, there exists hσ ∈ G be such that hσKσh
−1
σ = K0.
Then hσρs(t)h
−1
σ ∈ K0. Hence s · hσ is a Kaneyama section. 
For a Kaneyama section sσ, the image ρσ(t) is a diagonal matrix which we denote
by
ξσ(t) = diag(ξσ1 (t) , . . . , ξ
σ
r (t)) .
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Note that for different choices of Kaneyama sections sσ, the images ρσ(t) can vary
up to conjugation (see Lemma 2.9), but they are all diagonal matrices.
Lemma 4.3. If the maximal torus K0 is normal in G, then any T -equivariant holo-
morphic (or algebraic) principal G-bundle over a nonsingular toric variety admits
an equivariant reduction of structure group to K0.
Proof. Let {sσ} be a collection of Kaneyama sections as σ varies over all maximal
cones. Let ξτ (t)P (τ, σ)ξσ(t)−1 be the corresponding transition maps. For each σ,
we choose gσ ∈ G such that all sσ · gσ’s pass through a common point in E(x0). In
other words, for these new sections, all P (τ, σ) = 1G. The new transition maps are
g−1τ ξ
τ(t)gτg
−1
σ ξ
σ(t)−1gσ. These are in K0 as it is normal in G. 
An analogue of the following lemma was proved in [7] in the context of vector
bundles. The idea of our proof is the same as in [7], but we include it for clarity.
The result is expected as the Tσ
⋂
τ -actions on the fibers of Eσ and Eτ at a fixed point
xσ
⋂
τ ∈ Xσ
⋂
Xτ of Tσ
⋂
τ agree.
Lemma 4.4. Suppose σ and τ are cones of Ξ. Then there is a permutation γ of
{1, . . . , r} such that η(ξσi ) = η(ξ
τ
γ(i)) for every η ∈ σ
⋂
τ
⋂
Ξ(1).
Proof. Recall that the transition function ξτ (t)P (τ, σ)ξσ(t)−1 is regular on Xσ
⋂
τ .
Consider P (τ, σ) as a matrix and let pij = P (τ, σ)ij. Then pijξ
τ
i (t)ξ
σ
j (t)
−1 is regular
on Xσ
⋂
τ for each (i, j).
Each ξσi may be considered as an element of the dual lattice M of N . Then
regularity implies that
η(ξτi ) ≥ η(ξ
σ
j ) (4.1)
for every η ∈ σ
⋂
τ
⋂
Ξ(1) whenever pij 6= 0.
Since
detP (τ, σ) =
∑
γ∈Sr
sign(γ)p1γ(1) . . . prγ(r) 6= 0 ,
there exists a permutation γ such that piγ(i) 6= 0 for every i. Therefore,
η(ξτi ) ≥ η(ξ
σ
γ(i))
for every i and every η ∈ σ
⋂
τ
⋂
Ξ(1).
Moreover since
det
[
ξτ(t)P (τ, σ)ξσ(t)−1
]
= detP (τ, σ)
∏
i
ξτi (t)ξ
σ
i (t)
−1
is a unit on Xσ⋂ τ , we have
η(ξτ1 + . . . ξ
τ
r − ξ
σ
1 − . . . ξ
σ
r ) = 0 (4.2)
for every η ∈ σ
⋂
τ
⋂
Ξ(1). Comparing (4.2) with (4.1), we have
η(ξτi ) = η(ξ
σ
γ(i))
for every i and every η in σ
⋂
τ
⋂
Ξ(1). 
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Write
ξσ := (ξσ1 , . . . , ξ
σ
r ) ∈M
⊕r.
Recall that ρσ(t), and therefore ξ
σ(t) must factor through the projection πσ : T → Tσ.
There is a map π∗σ : Mσ → M , associated to πσ, from the characters of Tσ to those
of T . Then, ξσ lies in the image of M⊕rσ in M
⊕r under the map induced by π∗σ. Note
that this image is same as M⊕r if σ is of top dimension, as Tσ = T in this case.
Denote the set of maximal cones of Ξ by Ξ∗. Consider the following abstract data.
(1) A map
ξ : Ξ∗ → (π∗σ(Mσ))
⊕r
sending σ to ξσ = (ξσ1 , . . . , ξ
σ
r ) such that for every pair of cones σ, τ ∈ Ξ(n),
there exists a permutation γ such that
η(ξσi ) = η(ξ
τ
γ(i))
for every i and every η ∈ σ
⋂
τ
⋂
Ξ(1).
(2) A map
P : Ξ∗ × Ξ∗ → G ≤ GL(r)
sending (τ, σ) to P (τ, σ) such that P (τ, σ)ij 6= 0 only if η(ξ
τ
i ) ≥ η(ξ
σ
j ) for
every η in (τ
⋂
σ)
⋂
Ξ(1), and such that P (σ, σ) = 1G and
P (τ, σ)P (σ, δ)P (τ, δ) = 1G
for every τ, σ, δ in Ξ∗.
(3) Write (ξ, P ) for a collection {ξσ, P (τ, σ)} where σ, τ vary over Ξ∗. Two pairs
(ξ, P ) and (ξ′, P ′) are said to be equivalent if there exists a permutation
γ ∈ Sr, depending on σ, such that
(ξσ1 , . . . , ξ
σ
r ) = (ξ
′σ
γ(1), . . . , ξ
′σ
γ(r))
for every σ ∈ Ξ∗, and if there exists
g : Ξ→ G
such that
P ′(τ, σ) = g(τ)−1P (τ, σ)g(σ)
for every τ, σ in Ξ∗.
Theorem 4.5. Let X be a nonsingular toric variety defined by a fan Ξ of dimen-
sion n. The set of isomorphism classes of T -equivariant principal holomorphic (or
algebraic) G-bundles on X is in bijective correspondence with the set of data (1) and
(2) up to the equivalence (3).
Proof. Given a principal bundle, a choice of Kaneyama sections {sσ} associates a
set of data (ξ, P ) satisfying (1) and (2) to it. Note that {ξσi : 1 ≤ i ≤ r} is the
set of characters of the representation ρσ. Hence it is invariant under conjugation
and therefore well-defined up to permutation under choice of different Kaneyama
sections sσ ·g(σ). We have seen before that such a change would transform {P (τ, σ)}
to {g(τ)−1P (τ, σ)g(σ)}. Same arguments as in the proof of Theorem 3.2 imply that
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this association sends an isomorphism class of bundles to an isomorphism class of
data.
On the other hand, given a set of data (ξ, P ) satisfying (1) and (2), we regard
ξσ as ρσ and P (τ, σ) as transition map at a point x0 ∈ O to construct a bundle
E({ρ, P}). The rest of the proof proceeds as in Theorem 3.2. 
Given ξ, for every σ ∈ Ξ(n), we have a map
mσ : σ
⋂
Ξ(1)→ Zr
defined by mσ(η)i = η(ξ
σ
i ). Note that as σ is smooth one may recover ξ
σ from mσ.
A strategy of Kaneyama is to reformulate the equivalence (3) in terms of mσ. It
turns out as follows.
(3′) Two pairs (ξ, P ) and (ξ′, P ′) are said to be equivalent if there exists a permu-
tation γ = γ(σ) ∈ S(r) such that
(mσ(η)1, . . . , mσ(η)r) = (m
′
σ(η)γ(1), . . . , m
′
σ(η)γ(r))
for every σ ∈ Ξ(n) and η ∈ σ
⋂
Ξ(1), and if there exists
g : Ξ(n)→ G
such that
P ′(τ, σ) = g(τ)−1P (τ, σ)g(σ)
for every τ, σ in Ξ(n).
The proof of the following result is straight-forward.
Theorem 4.6. Let X be a nonsingular toric variety defined by a fan Ξ of dimension
n, such that every maximal cone of Ξ has dimension n. Then, the set of isomorphism
classes of T -equivariant holomorphic (or algebraic) principal G-bundles on X is in
bijective correspondence with the set of data (1) and (2) up to the equivalence (3′).
Remark 4.7. A conjecture of Hartshorne [4] says that all vector bundles of rank
two over Pn should split if n ≥ 7. This is still open. In [8], the following equivariant
analogue is discussed: Any T -equivariant vector bundle of rank r on Pn splits if
r < n. An attempt to reproduce the arguments given there runs into the problem
that conjugation by an elementary matrix does not preserve the diagonal matrices.
A stronger result has recently been proved in an article of Ilten and Su¨ss [6] using
Klyachko-type filtrations [9]. It would be interesting to investigate if their result can
be generalized to equivariant principal bundles.
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